Let σ = {σ i |i ∈ I} be some partition of the set of all primes P, G a finite group and σ(G) = {σ i |σ i ∩ π(G) = ∅}. A set H of subgroups of G is said to be a complete Hall σ-set of G if every member = 1 of H is a Hall σ i
Introduction
Throughout this paper, all groups are finite and G always denotes a finite group. Moreover, P is the set of all primes, p ∈ π ⊆ P and π ′ = P \ π. If n is an integer, the symbol π(n) denotes the set of all primes dividing n; as usual, π(G) = π(|G|), the set of all primes dividing the order of G.
In what follows, σ = {σ i |i ∈ I ⊆ N} is some partition of P, that is, P = ∪ i∈I σ i and σ i ∩ σ j = ∅ for all i = j. Let σ(G) = {σ i |σ i ∩ π(G) = ∅}.
In the mathematical practice, we often deal with the following two special partitions of P: σ = {{2}, {3}, . . .} and σ = {π, π ′ } (in particular, σ = {{p}, {p} ′ }, where p is a prime).
(i) For any x = ab, where a ∈ A and b ∈ B, we have AK x = Aa(K b )a −1 = a(K b )a −1 A = K x A and hence A permutes with all conjugates of K.
(ii) A x K = KA x for all x ∈ G. Indeed, (A x K) x −1 = AK x −1 = K x −1 A by Part (i), so (AK x −1 ) x = A x K = KA x . Example 1.4. A subgroup H of G is said to be SS-quasinormal if G has a subgroup T such that HT = G and H permutes with all Sylow subgroups of T . If P is a Sylow subgroups of T satisfying (|H|, |P |) = 1, then P is a Sylow subgroups of G and so H is σ-semipermutable in G, where σ = {{2}, {3}, . . .}, by Example 1.2 and Remark 1.3(i). Various applications of SS-quasinormal subgroups can be found in [8, 9, 10] and in many other papers. Example 1.5. In [11] , Huppert proved that if a Sylow p-subgroup P of G of order |P | > p has a complement T in G and T permutes with all maximal subgroups of P , then G is p-soluble. In view of Remark 1.3 the condition "T permutes with all maximal subgroups of P " is equivalent to the condition "all maximal subgroups of P are σ-semipermutable in G with respect to {P, T }", where σ = {{p}, {p} ′ }. The result of Huppert was developed in the papers [12, 13] , where instead of maximal subgroups were considered the subgroups of P of fixed order p k .
Further, the results in [11, 12, 13] were generalized in [14, 15] , where instead of a Sylow p-subgroup of G was considered a Hall subgroup of G (see Section 4 below).
Finally, note that all the above-mentioned results deal with two special cases: a "binary" case, when σ = {π, π ′ }, and an "n-ary" case, when σ = {{2}, {3}, . . .}.
In this paper, we consider the σ-semipermutability condition for arbitrary partition σ of P.
In fact, our main results are the following two observations. Theorem A. Let P be a Sylow p-subgroup of G. Suppose that G has a complete Hall σ-set H = {H 1 , . . . , H t } such that H 1 is p-supersoluble of order divisible by p. Suppose also that there is a natural number k such that p k < |P | and every subgroup of P of order p k and every cyclic subgroup of P of order 4 (if p k = 2 and P is non-abelian) are σ-semipermutable in G with respect to H. Then G is p-supersoluble.
Theorem B. Let X ≤ E be normal subgroups of G. Suppose that G has a complete Hall σ-set H such that every member of H is supersoluble. Suppose also that for every non-cyclic Sylow subgroup P of X there is a natural number k = k(P ) such that p k < |P | and every subgroup of P of order p k and every cyclic subgroup of P of order 4 (if p k = 2 and P is non-abelian) are σ-semipermutable in G with respect to H. If X = E or X = F * (E), then every chief factor of G below E is cyclic.
In this theorem F * (E) denotes the generalized Fitting subgroup of E, that is, the product of all normal quasinilpotent subgroups of E.
We prove Theorems A and B in Section 3. In Section 4 we discuss some applications of these two results.
All unexplained notation and terminology are standard. The reader is referred to [16] , [17] , [18] or [4] if necessary.
Base lemmas
Suppose that G has a complete Hall σ-set H = {H 1 , . . . , H t }. For any subgroup H of G we write H ∩ H to denote the set {H ∩ H 1 , . . . , H ∩ H t }. If H ∩ H is a complete Hall σ-set of H, then we say that H reduces into H.
(1) H 0 = {H 1 R/R, . . . , H t R/R} is a complete Hall σ-set of G/R. Moreover, if for every prime p dividing |H| and for a Sylow p-subgroup H p of H we have H p R, then HR/R is σ-semipermutable in G/N with respect to H 0 .
Proof. Without loss of the generality we can assume that H i is a σ i -group for all i = 1, . . . , t.
(1) It is clear that H 0 = {H 1 R/R, . . . , H t R/R} is a complete Hall σ-set of G/R. Let i ∈ {1, . . . , t} such that (|HR/R|, |H i R/R|) = 1. Let p ∈ π(H) and H p a Sylow p-subgroup of H. Assume that p divides |H i |. Then H i contains a Sylow p-subgroup of G since it is a Hall subgroup of G and so H p ≤ R, contrary to the hypothesis. Hence (|H|, |H i |) = 1. By hypothesis, (5) For any j = i, H j H = HH j is a subgroup of G and
Lemma 2.2 (See Kegel [19] ). Let A and B be subgroups of G such that G = AB and
Proof. Assume that this is false and let G be a counterexample of minimal order . First note that the hypothesis holds for every normal subgroup R of G. Therefore every proper normal subgroup of G is p-soluble by the choice of G. Moreover, the choice of G and the hypothesis imply that P H i = G for all i = 2, . . . , t. By Lemma 2.2, we have either P G = G or (H 2 ) G = G. Hence G has a proper non-identity normal subgroup R. But then R is p-soluble. On the other hand, the hypothesis holds for G/R, so G/R is also p-soluble by the choice of G. This implies that G is p-soluble.
A group G is said to be strictly p-closed [20, p.5] whenever G p , a Sylow p-subgroup of G, is normal in G with G/G p abelian of exponent dividing p − 1. A normal subgroup H of G is called hypercyclically embedded in G if every chief factor of G below H is cyclic.
Lemma 2.4 A normal p-subgroup P of G is hypercyclically embedded in G if and only if
Proof. If P is hypercyclically embedded in G, then for any chief factor H/K of G below P , G/C G (H/K) is abelian of exponent dividing p − 1. Hence G/C, where C the intersection the centralizers of all such factors, is also an abelian group of exponent dividing p − 1. On the other hand, C/C G (P ) is a p-group by [21, Ch.5, Corollary 3.3]. Hence G/C G (P ) is strictly p-closed. Now assume that G/C G (P ) is strictly p-closed and let H/K be any chief factor below P . Since
Let P be a p-group. If P is not a non-abelian 2-group, then we use Ω(P ) to denote the subgroup Ω 1 (P ). Otherwise, Ω(P ) = Ω 2 (P ). Lemma 2.7. Let E be a normal subgroup of G and P a Sylow p-subgroup of E such that 
The following lemma is well-known (see, for example, [18, Lemma 2.1.6]).
Lemma 2.9 (See [23]). Let H, K and N be pairwise permutable subgroups of G and H is a Hall subgroup of
The following fact is also well-known (see for example [4, Ch.1, Lemma 5.35(6)]).
Proofs of Theorems A and B
Theorem A is a corollary of the following two general results. Let E be a p-soluble normal subgroup of G and P a Sylow p-subgroup of E. Suppose that G has a complete Hall σ-set H = {H 1 , . . . , H t } such that H 1 is p-supersoluble of order divisible by p. Suppose also that there is a natural number k such that p k < |P | and every subgroup of P of order p k and every cyclic subgroup of P of order 4 (if p k = 2 and P is nonabelian) are σ-semipermutable in G with respect to
Suppose also that there is a natural number k such that p k < |P | and every subgroup of P of order p k and every cyclic subgroup of P of order 4 (if p k = 2 and P is non-abelian) are σ-semipermutable in G with respect to H. Then G is p-soluble.
Proof of Theorem 3.1. Assume that this theorem is false and let G be a counterexample with |G| + |E| minimal. Let |P | = p n . Then: 
by the choice of G, a contradiction. Thus we have (1).
Assume that U is hypercyclically embedded in G. Since E is p-soluble by hypothesis and O p ′ (E) = 1 by Claim (1), U = 1 and C E (U ) ≤ U by the Hall-Higman lemma [3, Ch.VI, Lemma 6.5] . But since U is hypercyclically embedded in G, G/C G (U ) is strictly p-closed by Lemma 2.4 and so G/C G (U ) is supersoluble by [20, Ch.1, Theorem 1.9]. Now in view of the G-isomorphism EC G (U )/C G (U ) ≃ E/E ∩ C G (U ), we conclude that E is hypercyclically embedded in G, a contradiction.
Assume that k = 1. We show that in this case U is hypercyclically embedded in G. Assume that this is false. Let U/R be a chief factor of G. Then by the choice of G we have R is hypercyclically embedded in G, so for any normal subgroup V of G such that V < U we have V ≤ R and U/R is not cyclic. Let B be a Thompson critical subgroup of U and Ω = Ω(B). We claim that Ω = U . Indeed, if Ω < U , then Ω ≤ R and so Ω is hypercyclically embedded in G. Hence U is hypercyclically embedded in by Lemma 2.5, a contradiction. Thus Ω = U . Since U ≤ H 1 and H 1 is p-supersoluble by hypothesis, there is a subgroup L/R ≤ U/R of order p such that L/R is normal in H 1 /R. Let x ∈ L \ R and H = x . Since Ω = U and L ≤ U , |H| is either prime or 4. Then, by hypothesis, H is σ-semipermutable in G with respect to H. Hence HR/R is σ-semipermutable in G/R with respect to {H 1 R/R, . . . , H t R/R} by Lemma 2.1(1). Then, by Lemma 2.1(5), |G/R :
It follows that L/R is normal in G/R, and so U/R = L/R is cyclic, a contradiction. This shows that U is hypercyclically embedded in G, contrary to Claim (2). Hence we have (3). 
Similarly, if V = a is a cyclic subgroup of order 4, then a 2 is σ-semipermutable in G with respect to H.
Since P is a non-abelian 2-group, P has a cyclic subgroup H = a of order 4. Then H is σ-semipermutable in G with respect to H by hypothesis, so A = a 2 is also is σ-semipermutable in G with respect to H. Then every subgroup B of Z(P ) of order 2 is σ-semipermutable in G with respect to H, and so every subgroup of P of order 2 is σ-semipermutable in G with respect to H.
It is enough to show that the hypothesis holds for G/N . Since E/N is p-soluble, we can assume that |P/N | > p.
If either p > 2 and |N | < p k or p = 2 and |N | < 2 k−1 , then it is clear by Lemma 2.1(1). Now let either p > 2 and |N | = p k or p = 2 and |N | ∈ {2 k , 2 k−1 }.
In view of Claim (3), k > 1. Suppose that |N | = p k . Then N is non-cyclic and so every subgroup of G containing N is not cyclic. Let N ≤ K ≤ P , where |K : N | = p. Since K is non-cyclic, it has a maximal subgroup L = N . Consider LN/N . Since L is σ-semipermutable in G with respect to H, LN/N is also σ-semipermutable in G/N with respect to {H 1 R/R, . . . , H t R/R} by Lemma 2.1(1). Therefore, if P/N is abelian, the hypothesis is true for (G/N, P/N ). Next suppose that P/N is a non-abelian 2-group.
Then P is non-abelian and so k > 2 by Claim (5). Since |P/N | > 2, n − k ≥ 2. We may, therefore, let N ≤ K ≤ V ≤ P such that |V : N | = 4, V /N is cyclic and |V : K| = 2. Since V /N is not elementary, N Φ(V ). Hence for some maximal subgroup K 1 of V we have V = K 1 N . Suppose that K 1 is cyclic. Then |K 1 ∩ N | = 2 and 2 = |V : S is a maximal subgroup of K 1 and K 1 is a maximal subgroup of V , |S| = |N | = p k . Then S is σ-semipermutable in G with respect to H. Hence by Lemma 2.1(1), V /N is σ-semipermutable in G/N with respect to {H 1 R/R, . . . , H t R/R}. This shows that that the hypothesis is true for (G/N, P/N ). Now suppose that 2 k−1 = |N |. If |N | > 2, then N is not cyclic and as above one can show that every subgroupH of P/N with order 2 and every cyclic subgroup of P/N of order 4 (if P/N is a non-abelian 2-group) is σ-semipermutable in G/N with respect to {H 1 R/R, . . . , H t R/R}. Finally, if |N | = 2 and P/N is non-abelian, then P is non-abelian and k = 2, which contradicts Claim (5). Thus (6) holds. 
. Hence W = 1 by Claim (1). Therefore every chief factor of G between E and N is cyclic. Now applying Lemma 2.5, we deduce that E is hypercyclically embedded in G, a contradiction. Hence we have (7). (2) and (7), U is an elementary group and for some minimal normal subgroup N of G contained in U we have |N | > p. Let S be a complement of N in U . Since N ≤ H 1 and |N | ≤ p k by (4), there are a maximal subgroup V of N and a subgroup W of S such that V is normal in H 1 and |V W | = p k . Then V W is σ-semipermutable in G with respect to H by hypothesis, so V = V W ∩ N is normal in G by Lemma 2.1(5). Thus V = 1, and so |N | = p. This final contradiction completes the proof of the result.
Final contradiction. In view of Claims
Proof of Theorem 3.2. Assume that this theorem is false and let G be a counterexample of minimal order. Without loss of generality we can assume that P ≤ H 1 and H i is a σ i -group for all i = 1, . . . , t. Let |P | = p n and V be a normal subgroup of G such that G/V is a simple group. 2 and A 2 is non-abelian) . By hypothesis, H is σ-semipermutable in G, so HV /V is σ-semipermutable subgroup of G/V by Lemma 2.1 (1) . Note that G = HH 2 (In fact, if |H| = p, it is clear since |P | > p. If HH 2 = G and H is a cyclic group of order 4, then G is p-soluble, contrary to the choice of G). Hence G/V is not simple by Lemma 2.2, a contradiction. Hence we have (a). (2) . Therefore V is not p-soluble. But since the hypothesis holds for H 1 V by Lemma 2.1(2)(3), the choice of G implies that
Hence the hypothesis holds for V by Lemma 2.1 (2) and |P | > p 2 .
Ch. IV, Theorem 4.7], contrary to (1). Hence V p has a complement W in P . Let L be a subgroup of order p in W . Assume that L < W . Then the hypothesis holds for V W by Lemma 2.1(2)(3), so V W is p-soluble, contrary to Claim (b). Therefore |W | = p, so |P | = p 2 and P = V p W is not cyclic.
Then in view of Claim (b), we can assume, without of loss of generality, that E ≤ V . We show that there is a subgroup W 0 of P order p such that W 0 V and (1) and Lemma 2.10, S = 1, and so
This contradiction shows that L = 1. Therefore for every x ∈ G and every i > 1 we
= 1, and so
Therefore W 0 ≤ C G (E), a contradiction. Hence we have (c).
Final contradiction for (4) . Let C = C G (V p ). By Claims (3) and (c), V p is normal in G and it is hypercyclically embedded in G. Hence G/C is strictly p-closed by Lemma 2.4. If V p Z(G), then there is a normal maximal subgroup M of G such that C ≤ M . But since |P | > p 2 , the hypothesis holds for M , so M is p-soluble and so G does. This contradiction shows that V p ≤ Z(G), which contradicts Claim (a). Hence we have (4). (6) k = n − 1.
Assume that k < n − 1. Then V P = G. Indeed, if V P = G, then |G : V | = p and the hypothesis holds for V . Hence V is p-soluble by the choice of G and so G is p-soluble, a contradiction. By Lemma 2.1(4) the hypothesis holds for V P , so V P is p-soluble by the choice of G since V P = G. Therefore V is p-soluble, so O p (V ) = 1 by Claim (1) . Let N be a minimal normal subgroup of G contained in O p (V ). It is clear that N = P . Since k < n − 1, |P : N | > p by Claim (5) . Now repeating some arguments in Claim (6) of the proof of Theorem A one can show that the hypothesis holds for G/N , so G/N is p-soluble by the choice of G. But then G is p-soluble, a contradiction. Hence we have (6).
and P is cyclic, it follows that P = P ∩ Z(K) and so x ∈ C K (P ). This contradiction shows that C G (L) = G.
is p-soluble by the choice of G. Hence G is p-soluble. This contradiction shows that we have (7).
Without lose of generality, assume that G = P H 2 . Let V 1 , . . . , V r be the set of all maximal subgroups of P and
Suppose that for some i, say i = 1, we have D 1 P < G. Then D 1 P is p-soluble by the choice of G. Hence O p (G) = 1. By Claim (7), P is not cyclic. Moreover, for any i > 1, we have that
Hence E is p-nilpotent by the Tate theorem [3, Ch. IV, Thoerem 4.7] . It follows that 1 < H 2 ≤ O p ′ (G), contrary to Claim (1). Hence we have (8).
(9) P G = G, so P H G i < G for all i > 1. First note that P G = G by Claim (2) and P H i = G by Claim (8) . If P is not cyclic, then P H x i = H x i P for all x ∈ G. Hence H G i < G by Lemma 2.2. Now assume that P is cyclic and V be a maximal subgroup of P . Lemma 2.2 implies that either
. Thus V G is p-nilpotent by the Tate theorem [3, IV, 4.7] , which implies that V G = V , contrary to Claim (7). Hence H G i < G.
Final contradiction. Claim (8) implies that P H i = G for all i = 2, . . . , t. Hence in view of Claim (9), H G 2 < G. Assume that P = KL, where K and L are different maximal subgroups of P . Then the hypothesis and claim (6) imply that P H i = KLH i = H i KL = H i P for all i. On the other hand, the hypothesis holds for P H i , so P H i is p-soluble by the choice of G. Now Lemma 2.3 implies that G is p-soluble. This contradiction shows that P is cyclic. But P H G 2 by Claim (9), so H G 2 ∩ P ≤ Φ(P ). Therefore H G 2 is p-nilpotent by the Tate theorem [3, Ch.IV, 4.7] . It follows from Claim (1) that H G 2 is a p-subgroup. This final contradiction completes the proof. Proof of Theorem B. Assume that this theorem is false and let G be a counterexample with |G| + |E| minimal.
First suppose X = E. Let p be the smallest prime dividing |E| and P a Sylow p-subgroup of E. Then E is p-nilpotent. Indeed, if |P | = p, it follows directly from Lemma 2.7. If |P | > p, then E is p-supersoluble by Theorems 3.1 and 3.2, so E is p-nilpotent again by Lemma 2.7. Let V = O p ′ (E). Since V is characteristic in E, it is normal in G and the hypothesis holds for (G, V ) and (G/V, E/V ) by Lemma 2.1(1)(4).
The choice of G and Theorem 3.1 implies that P = E. Hence V = 1, so E/V is hypercyclically embedded in G/V by the choice of (G, E). It is also clear that V is hypercyclically embedded in G. Hence E is hypercyclically embedded in G by the Jordan-Hölder theorem for the chief series, a contradiction. Therefore in the case, when X = E, the theorem is true. Finally, if X = F * (E), then the assertion follows from Lemma 2.11. The result is proved.
Applications
Theorems A, B, Theorems 3.1 and 3.2 cover many known results. Hear we list some of them. Proof. This follows from the fact that G is p-supersoluble for all odd prime p dividing |G| by Theorem A. Assume that G has a p-complement E such that E permutes with all maximal subgroups of P . Then G is p-soluble.
Corollary 4.4 (Sergienko [12] , Borovikov [13] ) Suppose that for a Sylow p-subgroup P of G we have |P | > p. Assume that G has a p-complement E and there is a natural number k such that p k < |P | and every subgroup of P of order p k permutes with E. Suppose also that in the case when p = 2 the Sylow 2-subgroups of G are abelian. Then G is p-supersoluble.
Corollary 4.5 (Guo, Shum and Skiba [14] ). Suppose that G = AT , where A is a Hall π-subgroup
